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1. INTRODUCTION 
In 1991, Tarafdar [1] first established the following collectively fixed-point heorem on the product 
space of nonempty compact convex subsets of topological vector spaces and gave its applications 
to the existence of equilibrium points for abstract economies. 
THEOREM 1.1. Let {X~}i~s be a family o[ nonempty compact convex sets, each Xi  in a topo- 
logical vector space Ei, where I is a (finite or infinite) index set. Let X = 1-Iiel X~. For each 
i E I, let Ti : X ~ 2 x~ be a set-valued mapping such that 
(i) for each x E X ,  Ti(x) is a nonempty convex subset of Xi; 
(ii) for each Yi E Xi, T ( I (y i )  = {x E X : Yi E Ti(x)} contains a relatively open subset 0~, 
of X such that 
U Oy, = X 
yiEX~ 
(Oy, may be empty t:or some y~). 
Then there exists a point x E X such that x E T(x)  = [Iie~ Ti(x), i.e., x~ E T~(x) for each 
i E I, where xi = P~(x) and Pi is the projection of X onto X~. 
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In 1998, 1999, and 2000, Lan and Webb [2], Ansari and Yao [3] and Singh, Tarafdar and Wat- 
son [4] obtained some noncompact generalizations of Theorem 1.1 under different assumptions in
topological vector spaces, respectively, and gave some applications to section theorems, intersec- 
tion theorems, system of variational inequalities, and equilibrium existence theorems of abstract 
economics. 
On the other hand, in 1992, Tarafdar [5] generalized his theorem (Theorem 1.1) to compact 
H-spaces without linear structure and gave some applications to H-section theorems and equi- 
librium existence theorems of abstract economics. In 1996 and 1998, Chang et al. [6] and Lin 
and Park [7], by using the Fan-Browder type fixed-point heorem, obtained some collectively 
fixed-point heorems in noncompact settings of H-spaces and G-convex spaces, respectively. But 
the Fan-Browder fixed-point technique cannot be applied to treat the case when the index set I is 
infinite. The main difficulty is that the intersection of infinitely many open sets may not be open. 
Hence, the results in [6,7] are not the correct generalization of the results of Tarafdar [1,5] to 
H-spaces and G-convex spaces. In 1999, Park [8] proved a collectively fixed-point heorem in 
compact G-convex spaces which generalizes Tarafdar's fixed-point heorems in [1,5] to compact 
G-convex spaces. Hence, the problem of correctly extending Tarafdar's collectively fixed-point 
theorems in [1,5] to noncompact G-convex spaces is still open. In 2000, by using a continuous 
selection technique, Ding and Park [9] established some collectively fixed-point heorems under 
noncompact settings of G-convex spaces which generalizes the Tarafdar's collectively fixed-point 
theorems in [1,5] to noncompact G-convex spaces, but they assume that each G-convex space X~ 
is normal. 
In this paper, by using the technique of a continuous partition of unity and Tychonoff's fixed- 
point theorem, we prove some new collectively fixed-point heorems for a family of set-valued 
mappings defined on the product space of noncompact G-convex spaces. These theorems improve, 
unify, and generalize the collectively fixed-point heorems mentioned above. Some applications 
of our new collectively fixed-point heorems will be further considered in other papers. 
2. PREL IMINARIES  
Let X and Y be two nonempty sets. We denote by 9v(X) and 2 Y the family of all nonempty 
finite subsets of X and the family of all subsets of Y, respectively. For each A c .~(X), we 
denote by [A] the cardinality of A. Let A n be the standard n-dimensional simplex with vertices 
e0, e l , . . . ,  en. If J is a nonempty subset of {0, 1, . . . ,n},  we denote by A j  the convex hull of 
the vertices {ej : j E J}. A subset A of a topological space X is said to be compactly open 
(respectively, compactly closed) in X if for each nonempty compact subset K of X, A N K is 
open (respectively, closed) in K. The following notions were introduced by Ding in [10,11]. For 
any given nonempty subset A of X, define the compact interior and the compact closure of A, 
denoted by cint (A) and ccl (A), as 
cint(A) = U{B C X : B C A and B is compactly open in X}, 
ccl(A) = N{B C X : A C B and B is compactly closed in X}, 
respectively. It is easy to see that cint(A) (respectively, ccl(A)) is compactly open (respectively, 
compactly closed) in X, and for any nonempty compact subset K of X with A N K # 0, we have 
cint(A) n K -- intg(A n K) and ccl(A) n K -- ClK(A n K), where intK(A N K) and clK(A N K) 
denote the interior and the closure of A n K in K, respectively. It is clear that a subset A of X 
is compactly open (respectively, compactly closed) in X if and only if cint(A) = A (respectively, 
ccl(A) = A). 
A subset of a topological space X is called a k-test set if its intersection with each nonempty 
compact subset K of X is closed in K. A topological space X is call k-space if each k-test set 
is closed in X (or equivalently, a subset B of X is open in X if and only if B is compactly 
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open in X), see [12, p. 142; 13, p. 248; 14, pp. 171-172]. However, there exist topological spaces 
which are not k-spaces. Indeed, the topological space R R is not a k-space, see [15, p. 240; 12, 
p. 143]. The product of two k-spaces need not be a k-space, see [14, p. 174]. Hence, the notions 
of compactly open (respectively, compactly closed) sets and the compact interior (respectively, 
compact closure) of a set are true generalizations of the open (respectively, closed) sets and the 
interior (respectively, closure) of a set in general topological spaces. 
3. COLLECTIVELY F IXED-POINT  THEOREMS 
In this section, we shall generalize the collectively fixed-point heorems mentioned before to 
noncompact G-convex spaces under much weaker coercive conditions. 
THEOREM 3.1. Let (X~, F~)iei be a family of G-convex spaces where I is an (finite or infinite) 
index set. Let X = [IieI Xi and for each i E I, let F~, Gi : X ~ 2 x~ be two set-valued mappings 
such that for each i E I, the following conditions hold. 
(i) For each x e X and N, • J=(F~(z)), r,(N~) c G~(~). 
(ii) For each nonempty compact subset K of X, K = Uy, ex, (cint F (  1 (yi) N K). 
(iii) There exists a nonempty subset X ° of X~ such that for each Ni • 5r(Xi), there is a compact 
G-convex subset LN, of Xi containing (X ° U N~), and the set Di = Ny, eXO (cint F(l(y~) c 
is empty or compact in X, where (cint F~-l (yi ) ) c denotes the complement of cint F (  1 (y,) 
in X. 
Then there exists a point ~ = (:ci)iez such that ~ • G~(~) for each i • I. 
PROOF. For each fixed i • I, if Di = ~y, ez~(cintF(-l(yi)) c is empty, then we have 
X= X\D~= U cintFi- l (Yi)  (3.1) 
y iEX  ° 
If Di is nonempty and compact, by Condition (ii), we have 
Di= U (cintF(-l(Yi) NDi) C U cintF(l(Y~)' 
y~EXi y~EX, 
Since D~ is compact, there a finite set N~ = {Yi0, Y~I,..., Y~,~} E ~-(X~) such that 
n~ 
Di = N ( cintF~-I (yi))c C U cintF(1 (Y~k). 
y iEX  o k=0 
It follows that 
(0 / X = U c in tF ( l  (Yi) U cintF~-l(y~k) . (3.2) 
y, E X ° \k=O / 
Hence, in both cases where Di is empty or nonempty compact, (3.2) always holds. By Condi- 
tion (iii), there exists a compact G-convex subset Lgl of Xi such that X ° U Ni C LN~, and hence, 
by (3.2), we obtain 
X C U cintF(1 (yi). (3.3) 
yIELN i 
Let LN = 1-Iiel LN,. Then LN is a compact subset of X. By (3.3), we have i E I, 
L/v c U c in tF ( l  (Y') 
y~ELN~ 
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Thus, there exists Mi = {zio, Z i l , . . . ,  Zim, } • ~(LN~) such that 
rnl 
LN = U (cint F (  1 (Zik) M LN) .  (3.4) 
k=0 
Since LN, is also a G-convex space, there exists a continuous mapping CM, : Am, -* F~(Mi) such 
that 
CM,(Aj) C r~(B~), VB~ • ~(Mi ) ,  with ]B~ l = [J[ + 1. (3.5) 
By (3.4), we may assume that m, {~)ik}k=O is a continuous partition of unity subordinated to the 
open covering {cint F(-l(zik) m, N LN}k=O such that we have the following. 
(I) For each k = 1, 2 , . . . ,  mi, ¢ik : LN -~ [0, 1] is continuous. 
(II) For each k -- 1 ,2, . . .  ,ms and x • LN, ¢ik(X) # 0 ~ X • cintF~-l(Z~k) ==~ Zik • Fi(x). 
rni X (III) For each x • LN, ~k=O ¢ik( ) = 1. 
For each i • I ,  define a mapping ¢i : LN --~ Am, by 
ml 
¢i(x) = ~--~ ¢ik(x)e,k, Yx  • LN, 
k=O 
where {eik : k = 0, 1, . . .  ,mi} are the vertices of the standard mi-dimensional simplex Am,. 
Then ~bi is continuous and for each x • Llv, ¢i(x) = ~-~keJ(z) ¢ik(x)e~k • Aj(x),  where J (x)  = 
{k • {0, 1, . . .  ,m~}: ¢ik(x) ~ 0}. By Property (II), we have {Zik: k • J (x)} • ~(Fi(x)) .  Define 
a mapping fi : LN --* LN, by fi = CM, o ¢i. Then, by (3.5) and Condition (i), we obtain 
f (x) = ¢ . ,  o • ¢ . ,  (a  j(.)) c r ({z,k : k e J(x)}) c V,(x). 
Now define D = I-IieI Am," For each i • I, let Ei be the linear hull of {eik: k = 0, 1 . . . .  m~}. 
Then Ei is a locally convex Hausdorff topological vector space as it is finite dimensional and Am. 
is a compact convex subset of E~. Let E = l-Lel Ei, then E is also a locally convex Hausdorff 
topological vector space and D is a compact convex subset of E. Define continuous mappings 
: D -* L g and ~ : L g --* D by 
~(t) = HCM, (P i ( t ) )  , V.t • D and ~(x) = H¢~(x) ,  Yx • ny ,  
iE I  iE I  
where Pi : D ~ Am, is the projection of D onto Am,. By Tychonoff's fixed-point heorem [16], 
the continuous mapping g2 o (I) : D ~ D has a fixed-point • D, i.e., t = • o (I)(t). Let & = (b(t). 
Then we have 
\ iE l  
,E l  \ iE I  iE l  
It follows from (3.6) that ~ = CM, o ~bi(~) • Gi(2) for each i • I. This completes the proof. I 
REMARK 3.1. By Lemma 2.1 of [17], Assumption (ii) in Theorem 3.1 can be replaced by any 
one of the following conditions. 
(ii)l For each i E I ,  Fi has the compactly local intersection property. 
(ii)2 For each i E I ,  F/-1 is transfer compactly open-valued. 
(ii)3 For each i E I, each yi E Xi and each compact subset K of X, there exists a open 
subset Oy, of X (which may be empty for some Yi) such that Ou, A K C F( l (y i )  and 
K = Uy, ex,(O~, A K).  
(ii)a For each i • I and yi • Xi,  F ( l (y i )  is compactly open in X. 
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COROLLARY 3.1. Let (Xi, Fi)iel be a family of compact G-convex spaces where I is an (finite 
or infinite) index set. Let X = [Le I  Xi  and for each i E I, let Fi, Gi : X -~ 2 x~ be two set- 
valued mappings uch that Conditions (i) and (ii) of Theorem 3.1 are satisfied. Then there exists 
= (x~)~x E X such that ~ E G~(~) for each i E I. 
PROOF. Since for each i E I ,  Xi is a compact G-convex space, by letting X ° = LN, = Xi for 
each N~ E 5r(X~) and i E I ,  then it follows from Condition (ii) that X = Uy, ex, cint F (  1 (y~), and 
hence, for each /E  I ,  Vi = ~y~exo(c intF( l (y i ) )  ~ = ~y~ex~(cintF(-l(yi)) ~ = x \uy~ex~ cint F (  1 
(Yi) = 0. The conclusion holds from Theorem 3.1. 
REMARK 3.2. Corollary 3.1 is Theorem 3 of [8] which, in turn, generalizes Theorem 3.1 of [5] 
and Tarafdar's fixed-point heorem in [1, Theorem 1.1]. Theorem 3.1 is also a new result which 
is different from Theorem 3.2 of [9]. 
THEOREM 3.2. Let {X~}~l be family of nonempty convex sets with each X~ in a topological 
vector space Ei where I is an (finite or infinite) index set. Let X = I]~ei Xi  and for each i E I, 
let Fi, G~ : X -* 2 x '  be two set-valued mappings uch that for each i E I, the following conditions 
are satisfied. 
(i) For each x E X and each N E Yr(Fi(x)), co(N) C Gi(x). 
(ii) For each nonempty compact subset K of X ,  K = U~e x~ cint(F(~(Yi)) A K.  
(iii) There exists a nonempty subset X ° which is contained in a compact convex subset X~ 
of X~ such that the set D~ = ~y exo(cint F(-~(yi)) c is empty or compact in X .  
Then there exists a point ~ = (xi)~eI E X such that fci E Gi(~c) for each i E I .  
PROOF. For each i E I ,  define Fi : ~'(Xi) -* 2 x~ by Fi(N~) = co(Ni) for each N~ E 5r(X~). 
Then each (Xi, Fi) becomes a G-convex space. Conditions (i) and (ii) imply that Conditions (i) 
and (ii) of Theorem 3.1 hold. Foreach i E I and N~ E 5r(Xi), let LN, = co(X¢ U N~). Since 
each X~ is compact convex, therefore, each LN~ is also a compact and convex subset of X~ 
containing X ° U Ni, and hence, LN~ is a compact G-convex subset of Xi containing X ° u N~. 
By (iii), Condition (iii) of Theorem 3.1 is also satisfied. By Theorem 3.1, there exists a point 
= (x~)~e/ E X such that ~ E G~(~) for each i E I. 
REMARK 3.3. 
(a) If I = {1}, then it can be seen that Theorem 3.2 reduces to a fixed-point theorem of 
Tarafdar in [18] (also see, [4, Theorem 1.1]). 
(b) It is easy to see that Theorem 3.2 further improves Theorem 2.1 of [4]. 
THEOREM 3.3. Under the assumptions of Theorem 3.2, if Condition (iii) of Theorem 3.2 is 
replaced by the following condition, 
(iii)' there exists a nonempty compact convex subset X~ of Xi such that the set DI -- Ny, eX~ 
(cint Fi- I  (yi))c is empty or compact, 
then there exists a point ~ = (x~)i~1 E X such that ~i E Gi(~) for each { E I. 
In fact, Theorems 3.2 and 3.3 are equivalent. 
PROOF. Theorem 3.2 ~ Theorem 3.3. Letting X ° = X 1 for each { E I ,  then Condition (iii)' 
implies that Condition (iii) of Theorem 3.2 holds. Hence, the conclusion of Theorem 3.3 holds 
by Theorem 3:2. Theorem 3.3 :=> Theorem 3.2. By Condition (iii) of Theorem 3.2, for each { E I ,  
X ° C X 1, and hence, we have D 1 = Ny~ex~ (cint Fi- l(yi)) c C N~exo(c int  F~-l(yi)) c = Dr. If D~ 
is empty, then D~ is empty; if De 7t 0, then D~ is a nonempty closed subset of the compact 
set D~, and hence, it is also compact. Hence, Condition (iii)' is satisfied. By Theorem 3.3, the 
conclusion of Theorem 3.2 holds 
THEOREM 3.4. Let {Xi}ie I be a family of nonempty convex sets with each Xi  in a topological 
vector space Ei where I is an (finite or infinite) index set. Let X = 1-[~el X~. For each i E I, let 
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F~, G~ : X --* 2 x~ be two set-valued mappings uch that for each i E I, 
(i) co(F~(x)) C G~(x) for each x E X, 
(ii) for each nonempty compact subset K of X, K = Uy, ex,(cint F - l (y i )  M K), 
(iii) there exists a nonempty compact convex subset Ci of Xi and a nonempty compact subset 
D of X such that for each x E X \ D, there is y~ E C, with x E cint F(-l(yi). 
Then there exists dc = (x,)~e I E X such that  ~i E G~(~) for each i E I .  
PROOF. Condit ions (i) and (ii) imply that  Condit ions (i) and (ii) of Theorem 3.2 hold. By 
Condit ion (iii), for each x E X \ D, there is yi E Ci with x E c in tF ( l (y i ) ,  and hence, x ¢ 
(cint F( l (y i ) )  c. This implies D~ = Nu, eo, (cint F~-l(y i ) )  c c D. If the set D~ is nonempty,  then 
it is a closed subset of the compact subset D, and hence, it is also compact. Hence, Condit ion (iii)' 
of Theorem 3.3 is satisfied. The conclusion of Theorem 3.4 follows from Theorem 3.3. 
REMARK 3.3. It is easy to see that  Theorem 1 of [3] and Theorem 2.1 of [2] are both the 
special cases of Theorem 3.4. Hence, Theorem 3.1 generalizes the corresponding collectively fixed- 
point theorems in [1-8] to noncompact  G-convex spaces under a much weaker coercive condition. 
Some important  applications of our collectively fixed-point heorems will be considered in further 
papers. 
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